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ABSTRACT

Simple parallel algorithms for the maximal
independent set (MIS) problem are presented. The
first algorithm is a Monte Carlo algorithm with a very
local property. The local property of this algorithm
may make it a useful protocol design tool in distri-
buted computing environments and artificial intelli-
gence. One of the main contributions of this paper is
the development of powerful and gencral technigues
for converting Monte Carlo algorithms into deter-
ministic algorithms. These techniques are used to
convert the Monte Carlo algorithm for the MIS prob-
lem into a simple deterministic algorithm with the
same parallel running time.

0. Introduction

A maximal independent set (MIS) in an
undirected graph is a maximal collection of vertices I
subject to the restriction that no pair of vertices in /
are adjacent. The MIS problem is to find a MIS. In
this paper, fast parallel algorithms are presented for
the MIS problem. All of the algorithms are especially
noteworthy for their simplicity. The first algorithm
(section 3) is a Monte Carlo algorithm with a very
local property: each vertex is randomly chosen to be
added to the independent set based only on
information about adjacent vertices in the graph. The
local properties of this algorithm may make it a useful
protocol design tool in distributed computing environ-
ments and artificial intelligence (sections 8 and 9).

One of the main contributions of this paper is the
development of powerful and general techniques for
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converting Monte Carlo algorithms into deterministic

algorithms. The random choices made in the first algo-
rithm are mutually independent. A more sophisti-
cated analysis of the algorithm shows that the random
choices need only be pairwise independent {Fr] (section
4). A general technique is developed which converts a
probability space with a large sample space where
events are mutually independent to a new probability
space with a very small sample space where events are
pairwisc independent (section 5). The new sample
space contains O (n?) points. The second algorithm,
which randomly samples from the new sample space,
uses a very small number of random bits to choose
each sample point (section 6). The third algorithm in
parallel samples all points in the sample space and
uscs the best sample point at each step (section 6).
This algorithm is deterministic.

For purposes of analysis the EREW P-RAM
parallel computer is used, in which concurrent reads
or writes to the same memory location are disallowed.
The third algorithm can be modified to a uniform cir-
cuit family, where the circuit which accepts inputs of
length n has depth O((logn)?) and polynomial in »
gates. This establishes that the MIS problem is in NC?
(see [Co] for a discussion of the complexity class NC).
The following table summarizes the features of each
algorithm, where EO(p) is used to denote the expected
value is O(p).

Algorithm | Processors Time Random Bits
1 o(m) EO((logn ) | EO(niogn)
2 o(m) | EO((ogn)?) | EO((logn))
3 ot m) | O((logn)) none




1. History of the MIS Problem

The obvious sequential algorithm for the MIS
problem can be simply stated as: Initialize I to the
empty set; Forv = 1,..,n, if vertex v is not adjacent
to any vertex in I/ then add vertex v to /. The MIS
output by this algorithm is called the lexicographically
first maximal independent set (LFMIS). Valiant [Va]
noted that the MIS problem, which has such an casy
sequential algorithm, may be one of the problems for
which there is no fast parallel algorithm. Cook [Co]
strengthened this belief by proving that outputting the
LFMIS is NC'-complete for P. This gave strong evi-
dence that there is no NC algorithm which outputs
the LFMIS. Thus, it became clear that either there
was no fast parallel algorithm for the MIS problem or
else the fast parallel algorithm had to have s com-
pletely different design than the sequential algorithm.

Surprisingly, Karp and Wigderson [KW] did
develop a fast parallel algorithm for the MIS problem.
They present a randomized algorithm with expected
running time O ((logn)*) using O (n') processors, and
a deterministic algorithm with running time

O((logn)*) using 0[ n?

(logn)?
P-RAM, also establishing the result that the MIS
problem is in NC*. This paper describes algorithms
which are substantially simpler than their algorithm,
and establishes that the MIS problem is in NC2.

Alon, Babai and Itai [ABI] independently found a
Monte Carlo algorithm for the MIS problem shortly
after this work was completed which is very similar to
the Monte Carlo algorithm presented in section 3. The
running time of their algorithm is the same as the run-
ning time of the Monte Carlo algorithm presented in
section 3 on a EREW P-RAM, but on the more
powerful CRCW P-RAM they have an implementa-
tion of their algorithm with a ruaning time of
EO (logn).

] processors on a EREW

2. Applications of the MIS Algorithm

A growing number of parallel algorithms use the
MIS algorithm as a subroutine. Karp and Wigderson
[KW] gave NC! reductions from the Maximal Set
Packing and the Maximal Matching problems to the
MIS problem, and an NC? reduction from the 2-
Satisfiability problem to the MIS problem. In this

paper, it is shown that there is a NC! reduction from
the Maximal Coloring problem (section 7) to the MIS
problem. Thus, using the results of this paper, ail of
these problems are now known to be in NC?. How-
ever, Cook and Luby [CL] previously showed that 2
Satisfiability is in NC2.

Lev [Le), previous to [KW], had designed an algo-
rithm for the Maximal Matching problem with running
time O ((logn)* on a P-RAM (and also established that
the problem is in NC3). Israeli and Shiloach [IS] have
an algorithm for Maximal Matching, using a more
powerful CRCW P-RAM, where the running time is
0((logn)®). Isracli and Itai [II] have a Monte Carlo
algorithm for Maximal Matching, using the more
powerful CRCW P-RAM, where the expected running
time is O (logn). The results in this paper improve
upon all of these results.

Recently, Karloff [Kf1] used the MIS algorithm
as a subroutine for the Odd Set Cover problem. This
algorithm can be used to convert the Monte Carlo
algorithm for Maximum Matching [KUW] into a Las
Vegas algorithm. Also, [KSS] use both the MIS algo-
rithm and the Maximal Coloring algorithm to find a A
vertex coloring of a graph when A is small, where A is
the maximum degree of any vertex in the graph.

3. Monte Carlo MIS Algorithm
3.1 Algorithm Description

In this section a simple Monte Carlo algorithm is
presented for the MIS problem. The input to the MIS
algorithm is an undirected graph G=(V ,E). The out-
put is a maximal independent set /CV . For all
WCV,let NW)={weV:3veEW ,(v,w)EE}. Let
d(v) be the degree of vertex v with respect to the
graph G’ in the description below.

It is easy to show that / is a maximal independent
set in G at the termination of the algorithm. Each
execution of the body of the while loop can be imple-
mented in O(logn) time on a EREW P-RAM using
0(m) processors, where the expected number of ran-
dom bits used is O(n). In the next section the
expected number of executions of the while loop
before termination of the algorithm is proven to be
O(logn). Thus, the expected running time of the
entire algorithm on a EREW P-RAM is O((logn)?)
using O (m) processors, where the expected number of
random bits used is O (nlogn).



begin
1«2
G'=(V',E)~ G=(V,E)
while V' % Jde
begin
X-02
In parallel, forall v €V,

4 randomly cheese to add v to X with prodb. 7w

{Ifd(v)=0then alwaysadd v to X }
I1'-X
In parallel, for all v€X , w€X ,
It (v,w)E’ thea
id(v)s d(w) thenl’~ I°—{v}
else /"~ 1" —{w}
{ Note that /* is an independent set in G* )}
1-1yr-
Y- I"UN@)
G =(V°,E’) is the induced subgraphon V°-Y .
end
ead

24(v)

3.2 Algorithm Anpalysis

Let m, be the number of edges in G before the
execution of the body of the while loop. Let m; be
the random variable which is the number of edges in
G~ after the execution of the body of the while loop.
Let m 3 be the random variable which is the aumber of
edges eliminated from G * due to one execution of the
while loop. Then, m;=m, —m,. Theorem 1 estab-

lishes that E[ms]= -é--ml. Thus, E[m,]< %-ml.

From this it is easily seen that the expected number of
executions of the while loop is O (logn) with very high
probability. These details are omitted from this
paper.

For all v€V let E, be the event that v is chosen
in the (*) step of the algorithm (these events are

and

mutually independent), let p, =Pr[E, ]= 2-d1(v)

let sum,= 3, p, . The following lemma will be

w€adj(v)
useful for the proof of theorem 1.

Lemmal: Pr[veEN(l’)]= % -min(sum, ,1).

Proof : WLOG let {1, - - - ,d(v)} be the vertices in
adj(v). Let E; be the cvent E,, and for
2<s isd(v),let
i-1
E," =(N -E; NE;:-

Jj=1

Let
A‘ = E, .

J(z)ksel

Then,
d{v) . ;

Pf[veN(I’)]Z é Pr[E‘ ]'P’[A‘ 'E‘ ].

i=l

But

PriA |E ]2 Prid)=1- 3 p= -% .

od
o) ’5&
In the next section, lemma 2, it is shown that

d(v d(v)
i:Pr[E, ] =I’r[[‘Jl E;}= % “min (sum, 1)
f- -

even when the events {E, } are only pairwise indepen-

dent. Thus, Pr[veN(I)]= -:—-min(sum,,l) a

Theorem 1: E[m;]= ";""'l
Proof : For all W CV , the set of edges touching W is
ET(W)={(v,w)EE | vEW or w€W }.
The edges climinated due to one execution of the
while loop are the edges in the set ET[I" YN ("))
Each edge (v,w) is in ETH{J N (I )] cither because
veI'\JN (") or because w€1°| ) N({’). Thus,
E[mj3]= % S d(v)-Prlvel’\yYN())

VeV’

=

-3, d(v)-PriveN("))

vYEV’

N =

From lemma 1, Pr[veN(’)]= %-min(sum, ).
Thus,

Efmidz L[ S d@)-sum, + d(v)) =
8 vey” vEV
swum, s 1 sum, > 1
l. _&)_ + 1 =
B8 | V&V weadj(r) 2°d(w) vev: neuj(v)
sum, = 1 o, >
1. ld!v! d!w!]
8 (., w)EE 2 d(W) d(V)
sum, s 1
Nsum, = 1
. _d_(v_)_,,l] 2
8 (v, w)GE [2 -d(w) 8 (. %EE
nu.SI sum, > 1
Nsum, > 1 . Asum, > 1

1 . 1
= -B—'IE l=-é--ml ||



4. Pairwise Independent Events

The algorithm described in the previous section
assumed that the events {E,} were mutually indepen-
dent. In this section, the events {E,} are only
assumed to be pairwise independent [Fr]. The analysis
shows that under this weaker assumption the algo-
rithm still has the property that the expected number
of iterations of the body of the while loop is O (logn).
This surprisingly leads to a deterministic implementa-
tion of the first algorithm.

The following lemma is used in the proof of
Jemma 1 and completes the analysis of the first algo-
rithm. It may also be useful as a tool in other applica-
tions.

Lemma 2 : Let Ey, - ,E, be events such that for

Isisn, PrlE]=p,, and for 1si#j=<na,

PriE,NE;l=p;'p;- Let sum=3,p,. Then
i

Priy E/l= -;--min (sum,1).
i

Proof : WLOG that p;=py= ---p,. L&t E,” be

k k
the event {J E; and let o, =3 p,. Then, for all

i=1 i=
1sk=n, PrlE,"]= Pr{E;"]. Since the events {E; }

are pairwise independent,

Pr[E"]Z(!t_ 2
I1si<jstk

(This last inequality follows by observing that LHS of
the incquality is minimum when all p; are equal to

a, (k-1
PPy E o [1-—'(7,‘—)']-

bt L. o
T)' If a,<1 then Pr[E, ]z—z!---’lz'"_, If

a,>1 then let [ =min{k :a, = 1}. If I =1 then

Pr(Ey)=1. If =2 then -m,_1<15a,s-l—i—1

(This last inequality follows because py= --- = p,).
Then,

gz o [1-242 |2 1 0

One of the basic steps for converting Monte Carlo
élgorithms into deterministic algorithms using the
techniques developed in this paper is the development
of stronger lemmas of this type. Bonferroni and
Galambos [Ga] inequalities are useful tools for deriv-
ing upper and lower bounds on the probability of an
event that is described in terms of elementary events
that are d —wise independent for some fixed value of

d. The work of Galambos [Ga] can be used towards
this end. In fact, a stronger version of lemma 2 is
implicit in the work of Galambos.

The following lemma is a stronger version of
lemma 1. The proof of this lemma is similar to the
proof of lemma 2, only more complicated.

Lemms 3 : Consider the events (E,} defined above
lemma 1, only now it is assumed that the events are
only pairwise independent. Then

PrlveN())= % - min (sum, ,1)

Proof : The notation introduced in the proof of
lemma 1 is retained. Assume WLOG that
P1= - = pyy). Let ag=0 and, for 1si=d(v),

i
leta; = 3, p; (note that ay(,) =sum,). Then,
j=

PriveN ()= S prie,1Pria 1E].
=1

A lower bound is first derived on Prl4, IE;").
P’[A‘ lE“].l-Pr[ﬂA‘ 'E“]. B!ll,
P"[ﬂA, |E"]s 2 Pr[E, lE"]

ze-us?
d(z)= (i)

and

PrlE,N\ -E. N - N ~E; 1 E;]

Pr[ﬂEln .t n ")E‘_I|E‘]

The numerator is Jess than or equal to
Pr[E, | E; J=p, . The denominator is equal to

PrlE, \E," )=

i-1 i=1
1-Pr[U E; VE;]=1- 3 PriE; 'E;}=1~a; .
j-l ]-1
Py
1-a; 4

P 1
= .
: (azlj(? I~a; 4  2(1-a;4)
d(z)=d()

Thus, Pr[E, |E; )<

. Consequently,

Pr{-A 1E;")s

Thus,
1 1-2a; 4

Pria VE )= 1- - _
A EC )= - e ) 3, )

Now, a lower bound is derived on Pr[E,;” ).

Pr(E;")=PrlE;}Pr[-E1N ~-- N ~Eiq ' E;]=

p; [1"1”[;01 E; \E; ”2 pi(1-a;4).
=1



Thus, for1s ! s d(v),

Priven()= 3 B2 (-2a;-1)

i=1 2

hat | b | -1
=5 - p pjp‘z—z—[l-a,Ll—l].
1sj<isi

- (This last inequality is similar to an inequality in the

proof of lemma 2) If sum, s% then

sum,
Pr[veEN({)}= 7 -
It sum,z% then let ! =min{k :a; = -;-}. If =1
then Pr(veN( )= -i-. If (=2 then

ay_q < % = Then,

a; s _2(1—15.'

Mm=2.1 QO
PriveN( )= = ¢

Consider the first MIS algorithm modified so that
the events. {E,} are assumed to be only pairwise
independent. Let my,m, and m, be as defined in the
discussion preceeding theorem 1 with respect to this
modified algorithm. Theorem 2, the analog to
Theorem 1, states that this modified algorithm will

work well on the average.
Theorem 2 : E[m;]= -11—6-m1 .
Proof : Use lemma 3 in place of lemma 1 in the proof

of theorem 1 O

5. Generating Pairwise Independent Events

Consider a probability space where the sample
space is the set of all binary vectors of length n. Let
E; be an event that occurs for all binary vectors

(o, - - - ,b,—1) such that b, =1. Let the probability
n-1 -

of (bg, *-- sby—1) be 1'_[0p“" (1-p, )*™™). The
i

“events Ey, -+ - ,E,_, are mutually independent and
Pr|E;}=p, . Note that (} (n) random bits are needed
to randomly choose a binary vector. In this section, a
new probability space is defined where the sample
space is a small subset of all binary vectors of length
n. A probability distribution is defined on this new
sample space such that the events E,, --- ,E, are
pairwise independent.

Let ¢ be a prime number between 2 and 2a. The
new probability distribution has the property that

Lpi el 1_1
. -p,1s =5 =
Thus, |p, —p, = n

(This is a sufficient approximation to p; for the appli-
cations considered in this paper). Consider a n by ¢
matrix A. Intuitively, row { of A corresponds to E;
(In the following discussion, x, y, j, j; and j, are
integers between 0 and ¢ -1, inclusive, and {, {,, and
i, are integers between 0 and n -1, inclusive). Let

1if0sj=p, -q-1
ALi=\o otherwise

Prig;]=p, =

The new sample space is the collection of g2 binary
vectors

by =(bx,yo’ To 'bx,r'-l) d
where b, ,' =A; (.1, .i)modg - The new probability dis-

tribution assigns a probability of -!-2- to each such
q

by
Lemmad4: PriE;]=p;” .

Proof : For fixed /, there are exactly ¢ pairs of x,y
such that (x +y -i)modq =i. Event E; occurs in all
by,y such that (x+y-i)modq is between 0 and
p;”-q — 1, inclusive, i.e. for exactly p;”-q? boolean

vectors O
Lemma 5: PrlE, N E,l=p;, i, -

Proof : For fixed !; and {,, there is exactly one x,y
pair such that (x+y -i;)modq =1, and
(x +y 'iz)modg =1, simultaneously. Events E; and
E;, both occur for p,l’-p‘,‘-q2 pairs of !4,l5. Thus,
E, and E,, both occur for p, "-p;"~q* boolean vectors

b a

X,y

These two lemma together show that the events
{E, } are pairwise independent in the new probability
space. Since the new sample space only has g2 binary
vectors, it is possible to sample all vectors quickly in
parallel. This feature is exploited in the next section
to design a deterministic algorithm for the MIS prob-
lem.

This construction may be a useful tool to make
other Monte Carlo algorithms deterministic. The only
requirement is that the algorithm only requires pair-
wise independent events. This construction can be
extended to generate pairwise independent random
variables in the following way. The matrix A can be
filled with any set of computable rational numbers.



Each row of A corresponds to a random variable
which takes on each of the ¢ entries in that row of A
with equal probability. Both Paul Beame and Noga
Alon have found a natural extension of this technique
to generate d—wise independent random variables
using n¢ sample points.

6. Deterministic Algorithm for the MIS Prob-
lem

The algorithms for the MIS problem described in
this section are almost immediate consequences of the
results in sections 3, 4 and 5. In section 3, a Monte
Carlo algorithm for the MIS problem is presented.
Under the assumption that the events {E,} (defined
above lemma 1) are mutually independent, the analysis
shows that the expected running time of the algorithm
is small. In section 4, it is shown that the same result
holds when the events {E,} are assumed to be pair-
wise independent. In section S, it is shown how to
construct a probability distribution such that the
events {E,} are pairwise independent and such that
the number of points in the sample space is O (n2),
thus they they can all be sampled in parallel. Putting
these results together yields a deterministic algorithm
with a small running time.

The only difficulty is that the events {E, } do not
have exactly the same probability in the new probabil-
ity space as they did in the original. More precisely,

in the original probability space, Pr[E, ]= -2;%5 s
whereas in the new probability space,
a) L=
Lol el - 2d(v)
q q

This difficulty is overcome with the following
modification to the algorithm. It there is a vertex

Pr(E, ]=p,

v€V such that d(v)= — l then v is immediately

6
added to the independent set / and {v}{J N({v}) is
deleted from the graph. In this case, at least -1% of
the vertices are eliminated from the graph. If no such

vertex exists, then for all veV, d(v)< 2 , which

16
implies E%Fi = Zd’;v) >8 and consequently
P = -:— . But this implies that 2 sq da1 Thus,

Lp, rgl+1 8 .
since - q 2p,, ;P,SP, sp, .

Lemma 6 : Let the events {E, } be pairwise indepen-
dent such that Pr(E, ]=p,‘ and such that for all

vevV, div)< —= 16 Then

PriveN( )= %min(sum,,l).

Proof : The same proof as for lemma 3, except % Dy
is used as a lower bound and p, is used as an upper

bound on Pr{E,] O

Theorem 3 : Consider the first MIS algorithm as
modified above so that the events {E,} are pairwise
independcnt and Pr[E, ]=p,” and for all ve€V,

div)< — 1 . Let my, my, and m; be as defined in the

6"
discussion preceeding theorem 1 with respect to this

modified algorithm. Then E[m3]= ~= ‘ e
Proof : Use lemma 6 in place of lemma 1 in the proof
of theorem 1 O

The description of the second algorithm is given
on the following page. This algerithm is very practi-
cal because it is simple, fast, uses a small aumber of

- processors and a small number of random bits. Each

exccution of the body of the while loop can be imple-
mented in O(logr) time on a EREW P-RAM using
O (m) processors, where the expected number of ran-
dom bits used is O(logn). The expected number of
executions of the while loop before termination of the
algorithm is O (fogn). Thus, the expected running time
of the entire algorithm on a EREW P-RAM is
O((logn)?) using O(m) processors, where the
expected number of random bits used is O ((logn )?).

The algorithm can be easily modified to remove
the random choices made in the (*) step of the algo-
rithm. The idea is to let the algorithm try all ¢2 pos-
sible pairs x,y in parallel, creating ¢? sets I, y - The
set which maximizes the number of edges eliminated
from G~ is used to form the new G°. Theorem 3

shows that the best set will eliminate at least ~—— 18 of

the edges in the graph G . This algorithm can be
implemented on a EREW P-RAM with O (mn?) pro-
cessors with running time O ((logn )?).



begia
l1-0
G'=(V°,E’)~ G=(V,E)
while V '+ & do
begin
In parallel, for all v €V °, compute d (v)
In parallel, forall vV~
it d(v)=0then add v to ] and delete v from V °.
compute n° =V “|
find v €V~ such that d(v) is maximum
Hd(v)= "i'Z then add v to 7 and let G* be the
graph induced on the vertices V-—({v} |J N ({»}))
else (for all v€V°, d(v) < 'l'—;)
begin
compute a prime ¢ such that n "% g < 28~
(4] randomiy choess x and y such that 0 < x,y = g -1
X-0
In parallel, forall v€V°,
begin

compute n(v)=L-£%;-)~_|
compute [(v)= (i +v j)modg
ti(v)sn(v)themaddv to X
end
'~ X
In parallel, forall v€EX ,wé€X ,
if (v,w)CE" thea
d(v)sd(w) thenl’~ I"—{v}
elve /- I'—{w}
-1yl
Y-I'UN()
G’'=(V ",E ") is the induced subgraphon V"~V .
end
ead
ond

7. The Maximal Coloring Problem

The Maximal Coloring problem generalizes two
problems of interest. The input is an undirected
graph G =(V ,E) and a set of colors C, for each ver-
tex v€V. The output is a maximal coloring. In 2
maximal coloring, each vertex v is either assigned a
color from C, or is not assigned a color, subject to
the restrictions that no two adjacent vertices are
assigned the same color and that if v is not assigned a
color then each color in C, must be assigned to at
least one neighbor of v.

The MIS problem is a special case of the Maximal
Coloring problem where C, ={red} for each vertex

v €V . The set of vertices colored red in any maximal
coloring are a MIS.

Another problem which is a special case of the
Maximal Coloring problem is the A+1VC problem.
The input to the A+1VC problem is an undirected
graph G=(V ,E). Let A be the maximum degree of
any vertex in V, let A’=A+]1 and let C ={cy,...,¢5-}
be a set of distinct colors. The output is an assign-
ment of a color from C to each vertex such that no
two adjacent vertices are assigned the same color.
The A+1VC problem is the special case of the Maxi-
mal Coloring problem where for each vertex v€V,
C, =C. In any Maximal Coloring each vertex will be
assigned some color from C because A’ is larger than
d(v). The obvious sequential algorithm for the
A+1VC problem follows: For v =1,..,n, vertex v is
assigned the smallest indexed color from C which is
not assigned to a smaller indexed adjacent vertex.
One might hope to devise a fast parallel algorithm for
the A+1VC problem by emulating the sequential algo-
rithm. However, this is unlikely since

Lemma 7 : The problem of deciding what color ver-
tex n is assigned by the above sequential algorithm is
NC! complete for P.

Proof : There is an easy reduction from the LFMIS
problem (see section 1) to this problem [

Thus, as was the case for the MIS problem, the color-
ing algorithm cannot simply emulate the sequential
algorithm. ’

There is' a NC! reduction from the Maximal
Coloring problem to the MIS problem. Given a Maxi-
mal Coloring problem with input G =(V,E) and
color sets {C, }, a new graph G~ is formed. The ver-
tices in G~ are V' '={(v,c):v€V and c€C,}. The
edges in G° are

E ={((v,c1),(v,c3)):v€V and cy,c,€C,} Y
{((v,e)(w,c)):(v,w)€EE and c€C, N C,, } .

There is a one to one correspondence between
maximal colorings in G and maximal independent sets
in G . This reduction together with the MIS algorithm
shows that the Maximal Coloring problem is in NC2.

The AVC problem is to color all the vertices
using only A distinct colors, Brook s Theorem [Br)
proves that all but very special graphs can be colored
with A colors, and implicitly gives a polynomial time
sequential algorithm. Karloff, Shmoys and Soroker



(KSS] have found a NC parallel algorithm for the
AVC problem when A is polylog in the number of
vertices. Their algorithm uses the algorithm for the
A +1VC problem as a subroutine. The classification of
the AVC problem with respect to parallel computa-
tion is still open for unrestricted A.

8. Binary Coherent Systems

Recently, researchers in Artificial Intelligence
have been actively investigating various connectionist
models of the brain [Fe],[Go], [Hi],(Ho]. Some of the
basic features of the connectionist model are shared
by knowledge representation schemas [Ts]. Infor-
mally, they model the brain cells by a large collection
of computational units with a finite number of states
and with very limited computing power. They model
the synaptic connections by interconnections between
the units through which they can pass information
about their current state. They describe various
models for representing knowledge, and suggest mas-
sively parallel asynchronous algorithms for computing,
i.e. for acquiring new information, recalling previously
acquired information and concepts, deducing new con-
cepts from old, etc. They are faced with two basic
questions: how to represent knowledge so that the
representation has the desired semantic properties and
how to implement parallel asynchronous algorithms to
compute quickly given a particular representation.

The hope is that the development of problems which
seem to model a problem typically encountered by the
brain, together with a study of the inherent complex-
ity of algorithms for these problems, will give some
insight into the low level workings of the brain.

One particular mode]l of the brain is a binary
coherent system [Ho), [Hi]. The interconnections of
the system can be represented by an undirected graph
G =(V ,E). Each edge ¢ €E has a real-valued weight
w, . Each vertex v €V has a real-valued threshold ¢, .
Each vertex v has a state s, which can be either -1 or
1. The state of the system is a tuple (sq,...,5 v ,)-
The energy of vertex v in a system state is

s+ 3 wes,
e=(v,7)CE
Hopfield {Ho] addresses the following problem, which

is hereafter called the Binary Coherent System (BCS)
problem. The input is an undirected graph

G =(V ,E), and weights and thresholds for all edges
and vertices in G, respectively. The output is a sys-
tem state where all vertices have encrgy greater than
or equal to zero. The BCS problem has a polynomial
time sequential algorithm if all of the weights and
thresholds are input in unary. The algorithm repeats
the following step until all vertices have energy
greater than or equal to zero: find a vertex with nega-
tive energy and flip its state. The running time of this
algorithm is slow if the system is large. Hopfield sug-
gests a simple asynchronous parallel algorithm for this
problem, but provides no formal analysis of its run-
ning time, although he does give some empirical evi-
dence that it is fast. An open question is whether or
not the BCS problem has an NC algorithm.

The MIS problem is a special case of the BCS
problem, where all edge weights are -1 and for each
vEV, t, =—d(v)+1. Thus, the algorithm described
in section 6 shows that at least a special case of the
BCS problem is in NC, and Baruch Awerbuch has
observed that the algorithm given in section 3 can be
easily modified to run asynchronously in parallel.

Another natural problem which is 2 special case
of the BCS problem is the Different Than Majority
Labelling (DTML) problem. The input to this prob-
lem is an undirected graph G = (V ,E). The output is
a label of -1 or 1 for each vertex v such that at least
half of the neighbors of v have the opposite label.
The DTML problem is a BCS problem where all
thresholds are zero and all edge weights are -1. The
DTML problem may also be viewed as a graph parti-
tion problem: partition the vertices of an undirected
graph into two sets such that for each vertex v at least
half of the edges out of v cross the partition. Karloff
[Ka2} has found a NC algorithm for this problem
when the input is a cubic graph, but the general prob-
lem is still open. However, there is evidence that a
different type algorithm than the MIS algorithm will
have to be found.

Theorem 4 : The problem of deciding whether there
is a DTML for a graph such that two specified vertices

receive the same label is NP-complete O

This theorem gives evidence that no fast algorithm for
the DTML problem can permanently decide the labels
of vertices in a local manner in the same way as is the
case for the MIS algorithm.



9. Open Problems and Further Work

1. Find other Monte Carlo algorithms for which the
techniques developed in this paper are applicable
for converting the algorithm into a deterministic
algorithm. There are a number of problems for
which these techniques provide an easy deter-
ministic algorithm.

2. Develop probabilistic bounds on events that are
d —wise independent. As mentioned previously,
the work of {Ga] implicitly addresses this type of
question. This secems to be one of the necessary
steps for proving that a Monte Carlo algorithm
can be converted into a deterministic algorithm
using the techniques developed in this paper. In
a different setting, [ACGS] used the fact that
Chebychev’s Inequality holds for pairwise
independent events to prove the security of
RSA/Rabin Bits. Their basic idea was the same,
you need less random bits to generate pairwise
independent cvents than you do to generate
mutually independent events.

3. The Monte Carlo algorithm presented in section 3
has a very local property. This property seems
particularly well-suited to distributed computing
networks where the processors can only commun-
icate with neighboring processors. As pointed
out in section 8, this feature also seems desirable
in some Artificial Intelligence applications. Find
applications for the algorithms presented in this
paper in these areas.

4. There is no known lower bound on the parallel
complexity of the MIS problem. Either find a
problem which is complete in some complexity
class (like NL) and reduce it to the MIS problem,
or else find a faster MIS algorithm.
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